Abstract. We introduce a canonical form for near-normal sequences N N (n), and using it we enumerate the equivalence classes of such sequences for even n ≤ 30.
D.Ž. D -OKOVIĆ

Base sequences
We denote finite sequences of integers by capital letters. If, say, A is such a sequence of length n then we denote its elements by the corresponding lower case letters. Thus A = a 1 , a 2 , . . . , a n .
To this sequence we associate the polynomial A(x) = a 1 + a 2 x + · · · + a n x n−1 , which we view as an element of the Laurent polynomial ring Z[x, x −1 ]. (As usual, Z denotes the ring of integers.) The non-periodic autocorrelation function N A of A is defined by:
where a k = 0 for k < 1 and for k > n. Note that N A (−i) = N A (i) for all i ∈ Z and N A (i) = 0 for i ≥ n. The norm of A is the Laurent polynomial N(A) = A(x)A(x −1 ). We have
The negation, −A, of A is the sequence −A = −a 1 , −a 2 , . . . , −a n .
The reversed sequence A ′ and the alternated sequence A * of the sequence A are defined by A ′ = a n , a n−1 , . . . , a 1 A * = a 1 , −a 2 , a 3 , −a 4 , . . . , (−1) n−1 a n .
Observe that N(−A) = N(A ′ ) = N(A) and N A * (i) = (−1) i N A (i) for all i ∈ Z. By A, B we denote the concatenation of the sequences A and B.
A binary sequence is a sequence whose terms belong to the set {±1}. When displaying such sequences, we shall often write + for +1 and − for −1. The base sequences consist of four binary sequences (A; B; C; D), with A and B of length m and C and D of length n, such that We denote by BS(m, n) the set of such base sequences with m and n fixed. We recall from [2] that two members of BS(m, n) are said to be equivalent if one can be transformed to the other by applying a finite One can view the equivalence classes in BS(m, n) as orbits of an abstract finite group G. We shall assume that m = n. In that case G has order |G| = 2 11 . To construct G, we start with an elementary abelian group E of order 2 8 with generators ε i , ϕ i , i ∈ {1, 2, 3, 4}. and an elementary abelian group V of order 4 with generators σ 1 , σ 2 . Let H be the semidirect product of E and V , with V acting on E so that σ 1 commutes with ε 3 , ε 4 , ϕ 3 , ϕ 4 , and σ 2 commutes with ε 1 , ε 2 , ϕ 1 , ϕ 2 , and
Finally, we define G as the semidirect product of H and the group Z 2 of order 2 with generator ψ. By definition, ψ commutes with each ε i and we have
The group G acts on BS(m, n) as follows. If S = (A; B; C; D) ∈ BS(m, n) then and ψS = (A * ; B * ; C * ; D * ). It is easy to verify that the defining relations of G are satisfied by these transformations and so the action of G on BS(m, n) is well defined. Consequently, the following proposition holds.
Proposition 2.1. If m = n, the orbits of G in BS(m, n) are the same as the equivalence classes in BS(m, n).
We need also the encoding scheme for the base sequences (A; B; C; D) in BS(n + 1, n) introduced in [2] . We now recall that scheme. We decompose the pair (A; B) into quads
and, if n = 2m is even, the central column a m+1 b m+1 . Up to equivalence of base sequences, we can assume that the first quad of (A; B) is + + + − . We attach to this particular quad the label 0. The other quads in (A; B) and all the quads of the pair (B; C), shown with their labels, must be one of the following:
The central column is encoded as
If n = 2m is even, the pair (A; B) is encoded as the sequence of digits q 1 q 2 . . . q m q m+1 , where q i , 1 ≤ i ≤ m, is the label of the ith quad and q m+1 is the label of the central column. If n = 2m − 1 is odd, then (A; B) is encoded by q 1 q 2 . . . q m , where q i is the label of the ith quad for each i. We use the same recipe to encode the pair (C; D).
As an example, the base sequences 
Near-normal sequences
Near-normal sequences, originally defined by C.H. Yang [6] , can be viewed as a special type of base sequences (A; B; C; D) ∈ BS(n + 1, n) (see [4, 2] ) with n even, namely such that b i = (−1) i−1 a i for 1 ≤ i ≤ n. Note that we also must have b n+1 = −a n+1 . Hence, the sequence B is uniquely determined by A, and we define αA = B. Note that also αB = A.
We denote by NN(n) the subset of BS(n + 1, n) consisting of nearnormal sequences. It has been conjectured (Yang [6] ) that NN(n) = ∅ for all positive even n's. Yang's conjecture has been confirmed for all even n ≤ 34 [3] .
We shall introduce two equivalence relations in NN(n): BS-equivalence and NN-equivalence. The former is stronger than the latter.
We say that two members of NN(n) are BS-equivalent if they are equivalent as base sequences in BS(n + 1, n). One can enumerate the BS-equivalence classes by finding suitable representatives of the classes. For that purpose we introduce the concept of canonical form for near-normal sequences.
For convenience we fix the following notation. Let (A; B = αA; C; D) ∈ NN(n), n = 2m, and let
be the encoding of the pair (A; B) resp. (C; D). Definition 3.1. We say that the near-normal sequences (A; B; C; D) are in the canonical form if the following conditions hold:
(ii) If q j = 2 for some j, then q i = 7 for some index i with 1 < i < j.
(iii) If q j ∈ {3, 4, 5} for some j, then q i = 6 for some index i with 1 < i < j.
(iv) If q k = 7 for all k's and q j = 4 for some j, then q i = 5 for some index i with 1 < i < j.
The following proposition shows how one can enumerate the BSequivalence classes of NN(n). Proposition 3.2. For each BS-equivalence class E ⊆ NN(n), n = 2m, there is a unique (A; B; C; D) ∈ E having the canonical form.
Proof. Let (A; B; C; D) ∈ E be arbitrary and let p 1 p 2 . . . p m p m+1 resp. q 1 q 2 . . . q m be the encoding of the pair (A; B) resp. (C; D). By applying the first three types of elementary transformations we can assume that p 1 = 0 and c 1 = d 1 = +1. Then q 1 must be either 1 or 6. In the latter case we apply the elementary transformation (iv). Thus we may assume that p 1 = 0 and q 1 = 1, i.e., the condition (i) for the canonical form is satisfied. Now assume that q j = 2 for some j and that q i = 7 for all i < j. After interchanging the sequences C and D, we obtain that q j = 7 and q i = 2 for i < j. Hence we may also assume that the condition (ii) is satisfied.
Next assume that q j ∈ {3, 4, 5} for some j. We may take j to be minimal with this property. Assume that q i = 6 for i < j. Consequently, q i ∈ {1, 2, 7, 8} for all i < j. If q j = 3 we replace (C; D) with
If q j = 5 we replace C with C ′ . After this change, we obtain that in all three cases q j = 6 while the q i 's for i < j remain unchanged. Hence the condition (iii) is also satisfied.
Finally, assume that q k = 7 for all k's, q j = 4 for some j, and q i = 5 for i < j. Since the condition (ii) holds, we have q i ∈ {1, 3, 6, 8} for all i < j. After interchanging C and D, we obtain that q j = 5 while the q i with i < j remain unchanged. Hence now (A; B; C; D) is in the canonical form.
It remains to prove the uniqueness assertion. Let
be in the canonical form. By Proposition 2.1, there exists g ∈ G such that gS
m+1 be the encoding of the pair (A (1) ;
m be the encoding of the pair (C (1) ;
where the subgroup H 1 resp. H 2 is generated by {ε 1 , ε 2 , ϕ 1 , ϕ 2 , σ 1 } resp. {ε 3 , ε 4 , ϕ 3 , ϕ 4 , σ 2 }. Thus we have g = h 1 h 2 with h 1 ∈ H 1 and h 2 ∈ H 2 . Consequently, 2) ). We also have the direct decomposition E = E 1 × E 2 , where
Since p
2 with e 1 , e 2 , f 1 , f 2 ∈ {0, 1}. Since the first and the last terms of the sequences A (1) and A (2) are +1, we have e 1 = 0. It follows that the middle terms of these two sequences are the same. As S (1) and S (2) are near-normal sequences, the sequences B
(1) and B (2) must also have the same middle terms. Consequently, e 2 = 0. Since the sequences B
(1) and B (2) have the same first term, +1, and the same last term, −1, we infer that f 2 = 0. Consequently, B
(1) = B (2) . As A (1) = αB (1) and A (2) = αB (2) , we infer that also
) implies that h 2 belongs to the subgroup of H 2 generated by {ϕ 3 , ϕ 4 , σ 2 }. Thus h 2 = ϕ (4, 5) . On the other hand, the generators ϕ 3 and ϕ 4 fix the quads 1,2,7,8. Since S (1) and S (2) are in the canonical form it follows that s = 0 and so q (2) j = 7 and q (2) i = 2 for 1 < i < j. The equality ϕ
. The argument is similar if q (1) j = 7 for all j, which implies that also q (1) j = 2 for all j.
We proceed to define the NN-equivalence relation in NN(n). For this we need to introduce the NN-elementary transformations:
(i) Negate both sequences A; B or one of C; D.
(ii) Reverse one of the sequences C; D.
(iii) Interchange the sequences A; B or C; D.
(iv) Replace the sequences (A; B = αA) with (Â;B = αÂ) wherê A = a n−1 , a 2 , a n−3 , a 4 , . . . , a 1 , a n , a n+1 . Proof. We sketch the proof only for the first quadruple. It suffices to show that for even i and odd j < n we havê
This is indeed true sinceb j =â j andâ i +b i = 0.
We say that two members of NN(n) are NN-equivalent if one can be transformed to the other by applying a finite sequence of the NNelementary transformations (i-vi).
Our main objective is to enumerate the NN-equivalence classes of NN(n) for even integers n ≤ 30.
Equivalence classes of near-normal sequences
In Table 1 we list the codes for the representatives of the NNequivalence classes of NN(n) for even n ≤ 30. All representatives are chosen in the canonical form. 
